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Abstract 



The model of dynamical noncommutativity is proposed. The system 
Q^' consists of two interrelated parts. The first of them describes the physical 

degrees of freedom with coordinates g 1 , q 2 , the second one corresponds to 
the noncommutativity 7] which has a proper dynamics. After quantization 
the commutator of two physical coordinates is proportional to the function 
J> ■ of r). The interesting feature of our model is the dependence of nonlocality 

m : on the energy of the system. The more the energy, the more the nonlocality. 

\ The leading contribution is due to the mode of noncommutativity, however, 

fN) ' the physical degrees of freedom also contribute in nonlocality in higher 

00 . orders in 6. 

O 

1 Introduction 

> ■ 

^ ■ It is generally believed, that due to the effects of the gravitational backreaction 

the classical background space-time is nonlocal on very small distances, those 
comparable with the Planck scale [TJ. Since noncommutativity usually leads to 
nonlocality, noncommutative geometry was proposed as a mathematical tool to 
systematically incorporate nonlocality in physics. The simplest approximation to 
a noncommutative space-time is a flat canonical noncommutativity, which can be 
realized by the coordinate operators g M satisfying commutation relations q u ] = 
i0^ v ( where is an antisymmetric constant matrix. Thus, quantum field theory, 
QFT, and quantum mechanics, QM, on flat noncommutative spaces have recently 
been extensively studied, see e.g. [2] and [3] for reviews on noncommutativity in 
QFT and QM, respectively. 

However, it is not reasonable to suppose that the noncommutativity and hence 
nonlocality is the same in the whole universe. It can depend on the point of the 
space-time, see e.g., [1] and references therein. A model of position-dependent 
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noncommutativity in quantum mechanics, involving the complete algebra of non- 
commutative coordinates: 

[r,q U ] = *^(q) , (1) 

where u^ u is some given matrix- valued function, and corresponding momenta was 
recently proposed in [5]. 

To precisely specify (q), physical considerations must be taken into ac- 
count. Strong magnetic fields, quantum oscillations associated to pair creation 
and strings dynamics are just some causes that may lead to noncommutativity. 
A basic question here is to uncover the mechanism leading to noncommutativity. 
One of the possibilities is to suppose that noncommutativity has its own degrees 
of freedom which interact in some way with the physical degrees of freedom of 
the system. Since noncommutativity (q) is a field it has an infinite number 
of degrees of freedom and its evolution should be described by a field equation of 
motion. To simplify our considerations and to better understand what happens, 
we suppose that noncommutativity has only one degree of freedom, embodied 
by the variable r\. We also suppose that the physical system under study is de- 
scribed by two coordinates q 1 and q 2 . In this situation, the most general form of 
the commutation relations is 

[<f, q j ] = Mf (v) s ij , (2) 

where / is some function of the indicated argument and 9 is a parameter which 
gives the strength of the noncommutativity. By itself, Equation (J2]) provides the 
main effect of the interaction between rj and q\, q2- This type of commutation 
relation we call dynamical noncommutativity. 

In this work, we consider a classical model which after quantization reproduces 
the dynamical noncommutativity ([2]) and discuss some of its properties. An 
interesting feature of the system in question is the dependence of the nonlocality 
on the energy of the system. The leading contribution comes from the modes 
associtated to the variable i], but the physical degrees of freedom q\ and q2 also 
contribute to nonlocality in higher orders. 

2 The classical model and quantization 

Consider the following singular Lagrangiarll]: 

L = L q + L T + Li n t j (3) 

rf 9 
L q = Viq l -h(v,q), L v = — - V {rj) , L int = -f (rj) e l3 ViV h 

1 For simplicity we consider two-dimensional case, q z — (g 1 ,^ 2 ), however, the generalization 
to the n-dimensional case is straightforward. 
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here h (v, q) and V (77) are some given functions and q, , v , , rj are an indepen- 
dent variables^ It consists of three parts: L q and L v describe dynamics of two 
subsystems with coordinates q 1 , q 2 and 77 correspondingly, and L int describes the 
interaction between these two subsystems. Notice that first order actions con- 
taining a term similar to Li nt appear in the context of the Landau problem in the 
limit of strong magnetic field or small electron mass [6] and lead to noncommu- 
tativity between the coordinates q l after quantization, see e.g. [TJ. Actually, L int 
is the minimal interaction needed to produce the desired commutation relation 
0. 

To proceed to the Hamiltonian formulation, we introduce conjugate momenta 
according to the rules 

dL dL dL 

They are considered as algebraic equations for determining the velocities q 1 , v 1 , f). 
Since the Lagrangian ([3]) is linear in q l and v l , the first two equations of (jlj) 
become primary constraints in the Hamiltonian formalism: 

G i = p i -v i = 0, T i = n i + ^f(r i )e ii v j = 0. (5) 
The total Hamiltonian of the theory is: 

2 

= h + a;g, + a;t 4 , h = h(p, q ) + ^ + v( v ), (6) 

where and A^ are Lagrangian multipliers. In Dirac's terminology ([5]) are 
second-class constraints. Thus, from the consistency conditions for the primary 
constraints 

$ = = 0, (7) 

where $ = (G,T), one can fix all the A-s. Secondary constraints do not appear. 
The Hamiltonian equations are 

X= { X ,H} D{tS>) , $ = 0, (8) 

where x — (l^yVyP^yPv) anc ^ {v}.D(*) are Dirac brackets with respect to 
second-class constraints (jSJ). 

2 One can also consider the situation when v l are velocities, v l — q l , i.e., a model with higher 
derivatives, similar to the one proposed in [5], This model has some difficulties with the physical 
interpretation of the additional degrees of freedom, also, its quantum spectrum is not bounded 
from below [9]. 
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Since the effective Hamiltonian H depends only on the coordinates q l ,r] and 
momenta Pi,p v , we write the Dirac brackets only between these variables: 

W^} DW = f{v)e^, = ( 9 ) 

Q 

{q\Pn} D{q>) = -3/' (v)z iJ Pj , {v,Pv}b($) = 1 

{^9 < }z»(») = {n>Pi}D(*) = {Pv>Pi} D (0) = {PiiPAom = °- 

After quantization, these Dirac brackets will determine the commutation re- 
lations between operators of coordinates q l , fj and the corresponding operators 
of momenta pi, p v : 

[tf,?]=ief(r))e« , [q\pj] = i5) , (10) 
16 

[q\Pv] = — g /' iv) £ l3 Pj , %Pn\ = i 
[f),q l ] = [f),pi\ = [p v ,Pi] = [Pi,Pj} = 0. 

That is, dynamical noncommutativity ([2]) can be reproduced by the quantization 
of the system with Lagrangian (J3j). The quantum Hamiltonian is 

"2 

H = h(p,q) + ^ + V(r)) , (11) 

where some ordering is implicitly assumed. 

To construct representation of the operatorial algebra^ f JTQj) let us introduce 
new operators 

^ = 9* + ^/^)^- • (12) 
It is easy to see that operators x\ fj, p iy p^ obey canonical commutation relations: 

[x\pj] = i5) , [fj,p v ] = i , (13) 
[x\x l ] = [fj,^] = [x\p v ] = , 

[ViPi] = \Pi,Pj] = [PviPi] = ' 

Thus, similarly to a Bopp shift [IT] , we pass to the new set of operators x\ 17, pi, p v 
with canonical commutation relations (fT3"|) . The quantum Hamiltonian (|TT|) in 
the new variables will take the form 

H = h x* - °-f (fj) e%^j + ^ + V (fj) . (14) 



3 Note that in the general case, the polydiffcrcntial representation of the operatorial algebra 
defined by the commutation relations £ l , = iu;'^ [£,) , was constructed in [TU] . 
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To investigate possible physical implications of dynamical noncommutativity it 
is reasonable to start with exactly solvable models like the harmonic oscillator 
and the hydrogen atom and then compare our results with those of canonical 
noncommutative quantum mechanics p2J[13]. For the harmonic oscillator, we 
suppose that 

v 2 u 2 (a 1 ) 2 lo 2 V 2 
Mp,g) = | + ^ L f L , V(fj) = ^L, (15) 



so that, after the Bopp shift, the Hamiltonian (fTTj) takes the form 



2 2 V 2" v " rj J 2 2 

In the coordinate representation, the operators x % = x l - and fj = rj- are mul- 
tiplicative whereas the momenta operators act as derivatives: pi = —idi and 
p v = —id v We employ a perturbation theory over the parameter of noncom- 
mutativity 6, starting with the quantum mechanical problem described by the 
Hamiltonian (fl4|) with 6 = and then construct corrections for 8^0. 



3 Nonlocality caused by dynamical noncommu- 
tativity 

It would be interesting to calculate the uncertainty relations between the oper- 
ators of the noncommutative coordinates q\ i.e., the nonlocality caused by the 
dynamical noncommutativity. According to flTUj) one has: 

(A?%(Ag 2 ) ff >?K*|/(^)|*>|, (17) 

where \^f) is a given state. If we choose |\&) as a stationary state of the system, i.e., 
an eigenstate of the Hamiltonian (1161) . it is reasonable to expect that nonlocality 
will depend on the energy. In general, this is true, however, in some specific 
models, e.g., f(r)) = r] such dependence does not appear. 

To calculate the uncertainty relations ( 1T7|) and the energy spectrum for the 
quantum system with the Hamiltonian ffTB 7 ]) we employ the standard perturbation 
procedure (see e.g., [II]). Note, however, that the result of this calculation will 
not depend neither on the choice of basis of operators, nor on the perturbation 
method used to solve the problem. First, the hamiltonian (fl6|) is separated into 
two parts as 

H = H + V, (18) 
where Ho is the Hamiltonian of the harmonic oscillator: 
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with eigenstates (we use here the notations of creation and annihilation operators 

= 10 ® i m > ® i n > > 



and eigenvalues 



E 



Imn = W l ( 1 + 2 ) + W2 ( 171 + 2 ) + W " ( " + 2 



and 



V = Vi + V 2 , 

Q 

Vi = (*)) (^i* 2 Pi - w^ 1 ^) ' ^2 



(20) 



(21) 



(22) 



# 2 , i 2 ^ 2 



is the perturbation. We assume that the set |^;^ n ^ provides an orthonormal 
basis in the Hilbert space of the system, i.e., 



(o) 

Iran 



Irnn 



(23) 



(24) 



To solve the eigenvalue problem for (118p . we write: 
and express the eigenfunction \1/ in terms of the eigenstates of harmonic oscillator: 

|*hn»> = E*n V *!S.v) » (25) 



Z'm'n' 
I'mV _ n {0)l'm'n' 



Imn 



Imn 



r (l)Vm'n' r (0)l'm'n' _ r('™'™' 



From (I24I) one finds the equation on the coefficients C[ 1 ^ l n ' of the decomposition 
(|25|) and eigenvalues i^ mn :(here the summation is only over l"m"n") 



( I? "\ nVm'n' _ ST~^ Trl'm'n' ^l"m"n" 

\&lmn ^I'm'ri J ^Imn ~ /—i V l"m"n" Ly lmn 



l"m"n" 



-trlmn 
* I'm'n' 



(0) 
Imn 



V 



iT/(°) \ — i/W lmn I T/(2)lmn 

* I'm'n' I ~ v I'm'n' ~i~ v I'm'n' ' 



where 



-rr{l)lmn 
V l'm'n> 

i6 



(26) 
(27) 

(28) 



(n| / (fj) |n') (w? - w 2 3 ) ( VF+TV^TT5 M , +1 5,, 



m,m'+l 



m,m'— 1 

- vvvm' + r^/'-i5 mm ' + i 



VST = ~(n\f (Vf W) [4 ( + W - («' + 1) <V (29) 

- (2m' + 1) 5 TOim / + yfm' (m' - T)5 m>mf - 2 j 



Now let us analyze equation ( |26l) . It can be solved order by order in 9. In 
the n-th order in # this equation with 1 = 1', m = vnl and n = n' gives the 
n-th order correction to the eigenvalue E. For arbitrary l,l',m,m',n,n' , under 
condition that E^ n — E^,^ ^ 0, eq. (1261) determines the n-th order of the 
coefficients C\™ n n . The n-th order of the coefficient Cj™£ can be determined 
from the condition of normalization of the state \ ^i mn ) up to the n-th order in 9. 
Thus, e.g., in the first order in 9 one has: 

Ell = Vll™ = 0, (30) 

i.e. the first order correction to energy is equal to zero, like in the case of anhar- 
monic oscillator. The coefficients in the first order are: 

n (l)l'm'n' _ 1 v (l)l'm'n' yr/ / / / (01 \ 

^Imn — (0) (0) V lmn ' VI, 171,71 71, {61) 

^Imn ~ E Vm , n , 

r (l)l'm'n _ 1 v (l)l'm,'n y// / / 

°imn - —(o) (0) V lmn > V ' > 7X1 T m -, 

Imn I'm'n 

^i(l)I'mr» 1 ir(l)i'mn / j 

^Imn — (o) _ „(0) V lmn ' V< T h 

Imn I'mn 



and 



C\T n = 0. (32) 



The second-order corrections to the energy spectrum E and coefficients of the 
decomposition (1251) can be constructed in the same way, but we do not present 
here the exact formulas. 

Let us now calculate expectation value 



(*lmn\f(ri)\%mn) = £ Q™ n ' C™ n " (n'\ f ( V ) \n") = (n\ f ( V ) \n) (33) 

I'm'n'n" 

n' 

n' 

+ E ^f mV ^ m ' n ''(nV(")|n'') + 0(^). 



I'm'n'n" 
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One can easily verify that the first order of this decomposition is equal to zero 

-.(i)i' 

'Iran 



because of the special form of the coefficients C[\^ m n . The first nontrivial 



contribution may appear in the second order. 

To simplify our considerations we suppose that the system is in the ground 
state of noncommutativity, n = 0, \^?e) = \^imo), and also, u v 3> U\,U2, i.e., the 
probability of the system to pass to the first excited state of noncommutativity 
(n > 0) is very small. In what follows we assume that n = and take into 
account only the leading powers of the ratio uJijuj^- 

For / (77) = 77, the second order contribution in (|33|) is: 



' n + 1 ( ^*(2)lmn+l ^(2)lmn+l\ I n f ^*(2)lmn-l ^(2)lmn-l 

~~2^ y^lmn + ^Imn ) \ 2uT V lmn ^Imn 



/ / /ii n^lliW+l^jljl'mV / r7 r ,*(l)Z'm'n'-l r ,(l)Z'm'n'\ 
IV" + LU lmn '-'lmn +^ nLj lmn L 'lmn J 



= 0. 

Thus, for / (77) = 77, the uncertainty relations ( TTTj) are: 

(Ag% (Ag% > O (£ 4 ) , (34) 

i.e., up to high enough order in 9 nonlocality does not appear. So, we can see 
that noncommutativity does not always lead to nonlocality. However, the energy 
spectrum in this case changes, the first nontrivial correction being: 



E (2) - - 



w? [1 + ~ 1 +<4 ( ™ + - 



(35) 



Despite the absence of nonlocality, the dynamical noncommutativity with / (77) = 
77 can contribute to other physical quantities. 
For / (77) = rf in the first order in 9 one has: 

(As%(Ag%>^(n + £) + 0(^). (36) 

Thus, for n = the right hand side of this expression is just a constant, like in 
the case of canonical nonlocality but interesting effects can be seen in the higher 
orders in 9. The second order contribution to (13"3"1) is: 



L v> + i)(- + 2) (c;^ + cZ mn+ \ 
+ (2n + 1) (cS™ + c^r) + v^FTT) (c;^ lmn - 2 + cZ mn ~ 2 ) 

+ £ (V( n ' + l)(n' + 2)cff^C^ 

I'm'n' 



Now, we put n 
to 



and retain only the second order of the ratio C0i/cj v , we came 



9 2 



ijj. 



3\ 2 



+ 



9 2 (2lm + l + m) 



lQu^u 2 (ui + u 2 ) 
Thus, for the choice / (rf) 
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IGuJl^U} 2 



3\ 2 



3^2 



(Ui + U 2 ) 



+ 



rf the uncertainty relations 



(u x 



U2, 



(37) 



(A ? %(Ag% 



> 



4w, 



+ 



9 3 



H 3 - wiy 



32u 1 u 2 u 2 (ui + u 2 ) 



9 3 (2lm + l + m) 
32wiW 2 ^ 



3\ 2 



Y , K 3 + ^ 2 3 ) 



are: 



3^ 



(38) 



+ 



(0Ji + U) 2 ) (U\ - L0 2 ) 



+ 0(9 4 



In the third order in 9 nonlocality depends on the quantum numbers I and m, 
which determine the zero order energy fl2T|) . We have obtained the energy de- 
pendent nonlocality, the more the energy of the system, the more the nonlocality 
f )38|) . Moreover, this contribution is due to the physical degrees of freedom, which 
correspond to the coordinates q 1 and q 2 . However, it should be noted that the 
effect is quite small, comparable to the canonical noncommutativity, since the 
contribution to the nonlocality is of the 9 3 order. 

It should be noted that the energy dependent nonlocality also appears in other 
models of noncommutativity, like kappa-Minkowski space and doubly special rel- 
ativity; see for review pj)]. However, it happens in a different manner, through 
modifications of energy-momentum dispersion relations or energy-dependent gen- 
eralizations of the spacetime metric |16j . 

The first nontrivial correction to the energy is: 



E, 



(2) 
ImO 



9 2 



32ouiOJ2UJ 2 



(uj\ + uolf (I - m) (cof - ujIY (l + m + 1) 



3\ 2 



(39) 



39 2 



64^2 



W1 



2 



U 



1 

m H — 
2 



' , while the correction to the energy 



Note that this quantity is of the order (ui/u v ) 
(1351) is of the order Ui/u v . 

Note that if we choose / (77) = rf — l/ui n , the expression (138]) will have no 
contribution in the first order in 9, first nontrivial contribution will appear only in 
9 3 order. That is in this case the contribution of the physical degrees of freedom 
to nonlocality is significant. Thus, by choosing / (i]) adequately we may control 
nonlocality, accordingly to physical considerations. 



4 Conclusion 

In conclusion we note that the proposed model of noncommutativity is in fact 
a generalization of canonical noncommutativity [x*,^] = %9 % \ which can be ob- 
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tained just by taking / (77) = const. However, dynamical noncommutativity 
provides much more freedom in the description of the physical effects caused by 
noncommutativity, connected with the presence of one more degree of freedom. 
One interesting possibility would be to consider this degree of freedom as an 
effective gravitational degree of freedom, which may correspond to a compact 
extra dimension, like in Kaluza - Klein theory of gravity, or to an extended extra 
dimension, like in Randall - Sundrum model. 

We have discussed two different choices of theinteraction, i.e., the function 
f{i]). In the first case, / (77) = 77, the nonlocality does not show up to quite 
higher orders in 9, see ( |34|) . while in the second one, / (77) = r/ 2 , nonlocality 
appears already in the first order in 8, see ( 136]) and ( 138]) . Thus, choosing the 
functions V (r) and / (r) from some physical considerations we are able to control 
noncommutativity, nonlocality and its contribution to physical quantities like the 
energy spectrum, etc. 
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